Static-Kinetic Friction Transition Using a Proposed Slip Function by K Farhang et al.
 
Downloaded FroProceedings of IMECE2008 
2008 ASME International Mechanical Engineering Congress and Exposition 
November 2-6, 2008, Boston, Massachusetts, USA  
IMECE2008-67107 
STATIC-KINETIC FRICTION TRANSITION USING A PROPOSED SLIP 
FUNCTION 
 
K. Farhang, A. Sepehri 
Department of Mechanical Engineering 
Southern Illinois University Carbondale 
Carbondale, IL 62901-6603 
farhang@siu.edu, Phone: 618-453-7002  
 
D. Segalman and M. Starr 
Sandia National Laboratories 
PO Box 5800, Mail Stop0557 
Albuquerque, New Mexico 87185-0557 
djsegal@sandia.gov, Phone: 505-844-0972 
 
IMECE2008-67107
Proceedings of IMECE2008 
2008 ASME International Mechanical Engineering Congress and Exposition 




This paper considers the contact between two nominally flat 
rough surfaces. The rough surface interaction is viewed as a 
multi-sphere elastic interaction which upon external 
application of a tangential force would exhibit partial or full 
slip depending on the magnitude of the applied tangential 
force. Constitutive relation proposed by Mindlin at small scale, 
governing asperity interaction, is used along with the method 
proposed by Greenwood and Williamson to obtain the large 
scale slip function through a statistical summation of asperity 
scale events. The slip function establishes the fraction of 
asperity contact in full slip. The complement of the slip 
parameter is a fraction of asperities in partial slip. Through 
slip function it is shown that it is possible to define a slip 
condition for the entire surface. The derivation of the slip 
function allows the account of transition between static friction 
and kinetic friction. The use of the slip function is demonstrated 
in the dynamic response of a block in friction contact at the 
rough surface interface with a flat wherein the static-kinetic 
friction transition is correctly addressed. 
 
INTRODUCTION 
The treatment of friction interface in the dynamic response 
of mechanical systems have posed a serious challenge for 
researchers.  This is primarily due to the multi-scale effect of 
friction interface that couples with the macro dynamic of a 
mechanical system, not to mention the multidisciplinary nature 
of friction, depending on a specific application, may involve 
not only the mechanical aspect, the tribological aspects as well, 
including the tribo-physical and tribo-chemical nature of 
contact.   
The treatment of dissipation in mechanical joints have seen 
increasing impetus in the last ten years [1-17].  One approach 
has been to develop series Iwan model in representing contact 
dissipation [8-12] that include a combination of experimental 
and theoretical effort to establish relevant unknown parameters 
in the models.  Contact mechanics of spheres is perhaps a most 
relevant fundamental mechanism for addressing joint m: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Usedissipation. The equations governing the contact of smooth 
spheres are based on the work of Mindlin [1] and Cattaneo [5] 
as summarized in the book by Johnson [6].   
One of the few non-trivial elasticity contact problems for 
which analytical results are known is Mindlin’s oscillating 
elastic spheres problem [1,2,5]. The geometry for the problem, 
Fig. 1, involves two elastic spheres pressed together with a 
normal force, N. An oscillating tangential force of magnitude T 
acts in the plane of contact.   
As predicted in Hertz’s solution, an ellipsoidal normal 
stress distribution will develop. Because the shear stress must 
satisfy q pμ≤  in the contact patch, where μ  is the friction 
coefficient, slip will develop in an outer annulus of the contact 
patch. The relative displacement of the two spheres, at 
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where ν  is Poisson’s ratio, G  is the shear modulus, and a  is 
the contact radius. The ratio of the stuck radius to the contact 
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The force-displacement relationship given in Eq. (1) can be 
non-dimensionalized as  















= =  (3b) 
Through the superposition of elasticity solutions [1,3], the 
force-displacement relationship during unloading from f0 and 
reloading to f0 are  1 Copyright © 2008 by ASME 
: http://www.asme.org/about-asme/terms-of-use
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The dissipation per cycle can be calculated from  
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Figure 1.  Schematic of elastic spheres pressed into 
contact by normal force and subjected to an 
oscillating tangential force on the interface. The 
contact patch is made up two regions: a core of no 
relative slip between the spheres and an annulus of 
relative slip between the spheres. 
 
This paper employs the above results given by Mindlin 
with GW model to treat lap-type joint contact accounting for 
the micron-scale surface features.  Through this tribo-
mechanical approach, constitutive models are found for the 




There are several contact models for the interaction of 
nominally flat rough surfaces.  Among these the contact theory 
proposed by Greenwood and Williamson [1967] and later 
extended by Greenwood and Tripp [1970] are most relevant 
since in these models a surface with micron-scale roughness is 
viewed as one consisting of many asperities with spherical cap 
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surface one inevitably deals with a multi-sphere contact 
problem.  We will use the acronyms GW and GT to refer to the 
models proposed by Greenwood and Williamson [3] and 
Greenwood and Tripp [4], respectively.  GW model treats the 
contact of a nominally flat rough surface and a smooth flat.  GT 
deals with the problem involving the contact between two 
rough surfaces and it demonstrates that such problems can be 
treated using the GW model if one employs the combined 
statistics of the two surfaces.  In addition GT model is an 
extension of the GW model.  Therefore it is important to briefly 
review the GW model and use the relevant equations in this 
model to treat multi-sphere microslip interaction by combining 
it with the Mindlin’s solution for two-sphere problem. 
 
GW Model 
Greenwood and Williamson derived the equations for 
contact force and real area of contact for elastic contact of a flat 
and a nominally flat surface with micron-scale roughness.  This 
model is based on the following assumptions: 
 
1. A surface is covered with a number of asperities with 
spherical summits. 
2. Two adjacent points of contact remain separated and 
do not influence each other. 
3. Contact points deform elastically and asperity 
deformation is governed by Hertz equation for elastic 
contact. 
 
Three statistical parameters of a rough surface are used in the 
GW model.  They are the standard deviation of asperity summit 
height, σ; mean asperity radius of curvature, β; and the number 
of asperities in a unit nominal area, η.  Of interest here is the 
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Table 1 provides the definition of terms in the GW and Mindlin 
formulations. 
 
Statistical Consideration of Multi-Sphere Contact 
We consider the contact of two rough surfaces in view of 
GW and GT models.  Each surface is covered with hills and 
valleys.  And the hills, referred to as asperities, are assumed to 
have spherical summits, as shown in Fig 3.  Therefore, 
arguably, GW (GT) models provide an appropriate tool to treat 
micro-slip problems involving multiple spheres.  We recognize 
that for every probable contact between two asperities, a sphere 2 Copyright © 2008 by ASME 
: http://www.asme.org/about-asme/terms-of-use
Downlon Surface 1 (S1) with a sphere on Surface 2 (S2), Mindlin 
solution applies.  Denoting the relative tangential displacement 
of a far removed point, from the contact between an asperity i 
on S1 with an asperity j on S2, as δij, we may restate (1) in 
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Using the eqs (2) and (3a), we can show that 
 






















δ   (11) 
 
Where, δij denote the tangential displacement of a far-
removed point from the contact zone of asperity i and j.  The 
far-removed points are those finite element nodal points within 
the structure and most immediate to the contact region.  With 
respect to a structural scale, δij are displacements near the 
contact region whereas with respect to the rough surface scale 
they are points located far away from the contact.  The 
schematic shown in Figure 4 attempts to illustrate this.   
 
 
An Nominal surface area N Normal contact force  
β  Mean asperity summit 
radius of curvature 
T Applied tangential force 
β /β σ=
 Normalized 
radius of curvature 
a Contact area of two 
spheres 
d Mean plane separation c Radius of stuck region 
E’ Combined modulus δ Tangential displacement 
of a far away point 
h (d/σ) Normalized 
mean plane separation 
G Shear modulus 
η Number of asperities 
per unit nominal area 
v Poisson’s ratio 
z Asperity summit 
height 
f Dimensionless tangential 
force (T/μN) 
s (z/σ) Normalized 
asperity summit 
height 
δ̂  Tangential displacement 
parameter, eq (3a) 
σ Standard deviation of 
summit heights 
u Dimensionless 
displacement ( δδ ˆ/ ) 
aij Contact area of 
asperities i and j 
δij Tangential displacement 
of a far-removed point 
from the contact of 
asperities i and j  
 









Figure 2.  Contact of two rough surfaces with 
















Figure 3.  Structural FE mesh and division of a 
nominal contact area into contact patches 
comparable to the structural element size 
 
In general δij can be specified as a function of the displacement 
of the nodal points in the finite element mesh of the structural 
FEM most immediate to the contact.  One scheme may involve 
restricting δij dependence to the nodes above the contact as 




















δ   (12) 
 
Alternatively, corresponding to the rough surface patch shown, 
a constant tangential displacement of a far-removed point may 
be assigned, shown as the blank circle at the center of the 
structural element above the contact patch.  This latter choice is 
perhaps most simplifying and may result in comparable 
accuracy in coupling the contact and structural behavior.  In 






















δ   (13) 
FE Mesh in the structural FEM 
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DownWhere δe is a representative tangential displacement defined 
within the framework of a corresponding structural element.  
The above discussion shows that for asperity contact occurring 
in a contact patch comparable in size to the structural element, 
the displacement of the far removed points will be those of a 
corresponding structural element, as illustrated in Figure 4.  
Equations (12) and (13) are the two schemes mentioned in the 
above discussion.   
At this juncture it is possible to establish a statistical 
distribution function for multi-sphere contact within a nominal 
contact patch.  First we use the relations for contact radius and 
contact force when asperity i on S1 is in contact with asperity j 

















σ   (15) 
Where σe is the standard deviation of asperity height sum over 
the nominal contact patch and βij is the equivalent radius of 




+=   (16) 
(s-h) is the normal interference between the two asperities, 
normalized with respect to the standard deviation of the 
asperity height sum.  Substitution of eqs (14) and (15) in (13) 
yields 


















δ   (17) 
Equation (17) permits the expression of f(s) statistically.  If the 
density function associated with height sum distribution is φ(s) 
then we can recast f(s) in a probabilistic manner as follows 






























−−=   (18) 
It is noteworthy to discuss the apparent singularity in f(s) when 
s = h.  This mathematical singularity is alleviated by the 
physical requirements.  In the process of derivation of eq (18) it 
has been assumed that two asperities are in partial slip.  That 
implies  







       (partial slip condition)  (19) 
Therefore, the full slip condition corresponds to the range 
 







     (full slip condition)  (20) 
 
When full slip condition governs the interaction, eq (18) is no 
longer applicable and the equation for full slip must be used.  
Hence the singularity is not an issue since when partial slip  
loaded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Usecondition governs the interaction inequality in (19) must hold, 
i.e. s > h.  It is now possible to define a statistical f for a 
collection of asperity contact within a nominal contact patch.  
This is given by an integration of (18) over all valid 
interferences within the nominal contact patch. 







































11  (21) 
Where fe is the equivalent f for all the asperity contacts within 
the nominal patch akin to the ratio of tangential force divided 
by threshold tangential force (μN) for two spheres.  Similarly, 
we can define a normalized dissipation per cycle for a contact 
patch containing multitude of asperity contacts.  For 
convenience, define 




































φη   (23) 
distribution we can examine the relations in Eq. (23) and (24).  



































η  (25) 
 
Force-Deflection Relation for Partial Slip 
Equation (25) provides the force-deflection relation.  The 
equation is a statistical sum of the effects of multi-sphere 
contact over a contact patch.  In this section approximate 
relation based on Eq. (25) and (26) is obtained.  We perform 
the approximations over a range of mean plane separation, h, 

































It can be shown that the above equations can be approximated 
using closed-form functions of the form 





ααα  (27) 
Where, af  is approximation to ef .  According to Eq. (27), the 
coefficients α1, α2 and α3 are solely functions of the tangential 
displacement Δe.  Therefore, for ranges Δe = 0.1 – 1 and h = 1 
– 4, the approximate functions given by eq (27-26) are found.  
The percent error per definition in eq (27) for ef is less than 5 
percent.  The coefficients of various functions in eq (27) are 
given in Table 2. 
( ) 443322101 eeeee aaaaa Δ+Δ+Δ+Δ+=Δα   (28) 4 Copyright © 2008 by ASME 
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Table 2. Approximate relations based on eqs (27) and 
(28) for ef  in the range h = 1 – 4 and Δe = .1 - 1 
Case Coeff. a0 a1 a2 a3 a4 
α1(Δe) 0.03912 0.73576 -1.83997 1.75239 -0.61669 
α2(Δe) 0.62579 0.76980 -0.07699 N/A N/A 
 
af  α3(Δe) 1.88447 -0.42266 0.16017 N/A N/A 
 
 
Force-Deflection Relation for Combined Slip 
The preceding sections have focused on partial slip and its 
contribution to tangential force in a flat-on-rough surface joint.  
In reality tangential force gives rise to both partial and full slip 
interaction.  For the interaction of two spheres we define a full 
slip to occur when deflection exceeds δ̂ .  During full slip then 
f = 1.  Thus in dimensionless form, the equation for normalized 






=   (30) 
The first step is to ascertain the relative contributions of 
asperities in partial and full slip.  A practical range for the 
nondimensional tangential displacement may be determined by 
considering the ratio of the number of asperities in partial-slip 
contact to all those in contact.  Denoting the former Nps and the 
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  (32) 
Figure 4 depicts a contour plot of nps for various h and Δe 
values.  Each contour corresponds to a fraction of asperities in 
partial slip.  For Δe = 0.4 only about 50 percent of asperities 
would undergo partial slip when normal load is very large, i.e. 
h = 1.  Larger h, i.e. smaller normal load, corresponds to lower 
percentage of asperities experiencing partial slip.  With 
decrease in normal load (increase in h), the percentage of 
asperities in partial slip expectedly decreases.  For instance for 
Δe = 0.4, only about 20 percent of asperities undergo partial 
slip when load is reduced to a low value (h = 3.5).  We  
loaded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Useconclude that, indeed, the practical range of Δe must not exceed 
1.   
Next we define the tangential force ratio.  Consider an 
elemental nominal area An.  The total tangential force 
comprises contribution from those in partial slip and those in 
full slip.  For a known density function of the asperity height 
sum distribution φ(s), equation (18) can be written in its 
denormalized form 


































' φμησβ   (33) 
Where, Te represents the sum of the tangential forces between 
asperities in partial slip.  The sum of the tangential forces due 
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' φησβ   (35) 
Therefore the force ratio in the norminal elemental area is 
determined by combining eqs (33) to (35).  We find 
 























































Equation (36) is the force ratio for a nominally flat contact 
patch.    The relation in Eq. (36) includes contribution from all 





Figure 4. Asperity partial-slip ratio, nps; Δe = 0.1-1, h = 
1-4 5 Copyright © 2008 by ASME 
: http://www.asme.org/about-asme/terms-of-use
Downl 
In the following we find approximate equations relating 
the force ratio and the dimensionless joint dissipation to the 
normalized tangential displacement Δe and mean plane 
separation h.  As before we assume a Gaussian height sum 
distribution and the ranges Δe = 0.1 – 1 and h = 1 – 4.  Let 
 





ααα  (37) 
   
In which the α1, α2 and α3 are polynomials of 4th and 2nd 
order  
( ) 443322101 eeeee aaaaa Δ+Δ+Δ+Δ+=Δα   (38) 
 
Table 3 lists the values for the coefficients in Eqs. (37) and 
(38).  Figures 5 illustrates the percent error between the 
approximations in eq (37), (38) and Table 3 with the numerical 
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Table 3. Approximate relations based on eqs (49) and 











Figure 5. Percent error in approximation of f based on 
Eqs. (37) - (38) and Table 3, Δe = 0.1 – 2, h = 1 – 4 
Case Coeff. a0 a1 a2 a3 a4 
α1(Δe) -0.01493 1.81831 -1.20374 0.33656 -0.03130 
α2(Δe) -0.26341 0.46784 -0.31147 0.08979 -0.00909 
 
f 
α3(Δe) 1.00000 N/A N/A N/A N/A  
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Friction Transition Function, fT = fT(Δ,f) 
The definition of partial slip ratio permits the derivation of 
a friction transition function.  Before doing so, we obtain an 
approximate closed form equation relating nr to the 
dimensionless tangential displacement Δ and tangential force f 
for a contact patch.  Figure 6 illustrates plots of nr versus f for 
while maintaining a constant dimensionless tangential 





Figure 6. Partial slip ratio nr vs. dimensionless 
tangential force f for a contact patch for various 
dimensionless tangential displacement of a far 
removed point Δ 
A two-step linear least squares fit procedure finds the following 
approximate equation for partial slip ratio.  This is 
 
( ) ( )0 1 2 3
0 1 2 3
,
0.975143, 0.687626, 1.023431, 0.655468
ran f c c c c f
c c c c
Δ = + Δ + + Δ
= = = − = −
  (40) 
 
Next we define the friction transition function as the 
complement of the partial slip ratio.  Hence, 
 
( ) ( ) ( )0 1 2 3, 1 , 1T raf f n f c c c c fΔ = − Δ = − − Δ − + Δ  (41) 
 
Note that fT defines that state of macro sliding based on the 
collection of micro states that can be either in partial slip or full 
slip state.  fT expresses the fraction of asperities in full slip.  
The full slip scenario for a contact patch corresponds to f = 1 
and fT = 1.  Substituting these values in Eq. (41) and solving 
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DowAt this point the result in Eq. (42) can be expressed in 
denormalized form, with the help of Eq. (22), to find 
( )( )3 1 2
2
δ ν ν σ μ= + −  (43) 
Eq. (43) provides the definition of sliding at macro scale for a 
contact patch within which the standard deviation of asperity 
height is σ.  When the displacement of a far removed point 
exceeds that defined in Eq. (43) it is said that the contact patch 
is in a state of slipping in a macro sense. 
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